This paper gives a connection between the theory of semigroups of operators (functional analysis) and mathematical finance through the Black-Scholes equation. Besides using this theory obtain the solution of this equation via the infinitesimal generator of a group of evolution.
Introduction
Perhaps the most important application of the Itô calculus, derived from the Itô lemma, in financial mathematics is the pricing of options. The most famous result in this area is the Black-Scholes formulae for pricing European vanilla call and put options. As a consequence of the formulae, both in theoretical and practical applications, Robert Merton and Myron Scholes were awarded the Nobel Prize for Economics in 1997 to honour their contributions to option pricing. In their famous work, in 1973, Black and Scholes transformed the option pricing problem into the task of solving a (parabolic) partial differential equation (PDE) with a final condition. The main conceptual idea of Black and Scholes lies in the construction of a riskless portfolio taking positions in bonds (cash), option, and the underlying stock. Such an approach strengthens the use of the no-arbitrage principle as well. Derivation of a closed-form solution to the Black-Scholes equation depends on the fundamental solution of the heat equation. Hence, it is important, at this point, to transform the Black-Scholes equation to the heat equation by change of variables. Having found the closedform solution to the heat equation, it is possible to transform it back to find the corresponding solution of the Black-Scholes PDE. The connection between an initial and/or boundary value problem for differential equations, the so-called a Cauchy problem, and the computation of the expected value of a functional of a solution of an SDE is covered by the Feynman-Kac representation theorem. However, we leave it to interested readers.
Black-Scholes Equation and its relation with operators semigroups
In financial economics, the use of diffusion processes in solving continuous time valuation problems provides a potential connection to operator semigroup concepts. More precisely, application of the Hille-Yosida theory of operator semigroups permits a useful representation of the Kolmogorov backward and forward equations associated with Markov processes [12] . Developing this approach, [4] in 1985, and [3] in (1986) explore connections between the widespread use of diffusion processes in financial valuation problems and semigroup properties of bounded linear pricing operators {U(t)} t≥0 which obey the semigroup condition [10] , V (t + s) = V (t)V (s) and V (0) = I. This paper provides a substantive connection between specification of the infinitesimal generator of the semigroup and conditions required for arbitrage free prices [5] and [1] . The practical importance of recognizing the semigroup properties of arbitrage free pricing operators is considerable in applications.
The Semigroup in Absence of Arbitrage
Operator semigroups arise in continuous time valuation problems of the general form:
where p(t) is the price at time t, c(t) is the instantaneous dividend or coupon paid at t, and T is the terminal or maturity date for the valuation problem. The semigroup structure is associated with the "valuation operators" {V (t)} t≥0 . In our case, (1) represents a deterministic, continuous time bond pricing problem, where T is the maturity date, p(T ) is the principal, c(t) is the coupon paid at t and {V (t)} t≥0 is the associated discounting operator with the requisite property
In valuation problems where p(T ) and c(t), t ∈ [0, T ]
, are uncertain at the t = 0 decision date, the {V (t)} t≥0 take the form of expectations operators, which also possess a discounting feature. In terms of the price-dividend model, (1) can now be expressed [6] :
where X(t) is the conditioning information available at time t and k i is the appropriate stochastic discounting factor for period i. The progressive substitution for E[p(T )|X(0)] in (1) required for the discounted dividend model involves applying the semigroup property to expected future prices:
To be practical, this formulation requires stochastic properties of the state variables to be identified in order to precisely specify {V (t)} t≥0 . Selection of a Markovian, diffusion stochastic structure permits direct application of operator semigroup concepts as a direct consequence of Chapman-Kolmogorov equation [8] , [13] , i.e. In term of expectations operators, if
then the semigroup property requires
Development of the derivative of (1) as t → 0 provides the basis for defining the infinitesimal generator of the semigroup as the linear operator A:
This connection between A and {V (t)} t≥0 is fundamental. In effect, the operator semigroup {V (t)} t≥0 which provides the {p(t)} t≥0 solutions to (1) [2] where p is the call option price, c = 0, and X is the underlying state variable, the nondividend paying stock price, which follows a geometric diffusion process dX = μXdt + σXdB. In this case, A takes the specific form of
where r is the continuously compounded rate of interest, which is assumed to be constant.
The Semigroup Related with the Black-Scholes Operator
In the last section we established in the absence of arbitrage that the solution of the Black-Scholes equation must be a semigroup; namely the Black-Scholes equation viewed as a differential operator generates a semigroup. In [9] was studied and such semigroup and this is a strongly continuous semigroup or a C 0 -semigroup In this section we consider the Black-Scholes equation as the Cauchy problem [6] 
span where h is a suitable measurable function ; T is the time of maturity of the option. In order to solve this problem we have to obtain the price of the option. Thus, in this section we see that a C 0 -semigroup {V (t)} t≥0 exists, acting on a Banach space, such that the dynamics of the market should be given by
another way to solve the problem, also using evolution equations is given in [11] . Let a = 
where S 0 is the Schwartz space on (0, ∞) (with the norm of supremum)
We can see that aA =Â on D(A) and also prove that A can be written as
where B is the generator of a C 0 -group. We see that A and thereforeÂ generates a semigroup {U(t)} t≥0 on S 0 . We now go to establish two fundamental theorems, both of them useful in order to find the C 0 -semigroup generated by the Black-Scholes operatorÂ and with it the dynamics of the evolution (option prices).
Then ||Γ(t)|| = 1 for all t and {Γ(t)} t∈Ê is a C 0 -group on S 0 with generator
Proof. It is easy to see that Γ(t) form a C 0 -group as well as ||Γ(t)|| = 1 for all t ∈ R. Denote by F its generator. Let us now define the C 0 -semigroups Γ + (t) := Γ(t) and Γ − (t) := Γ(−t) for all t ≥ 0 with infinitesimal generator F and −F respectively. Take us f ∈ D(F ) and g = (I − F )f ∈ S 0 . Because {V + t } t≥0 is a C 0 -semigroup semigroup of contractions, for all x > 0, using properties of the resolvent, we have
Taking the last result and using the fundamental theorem of calculus, we have, after some changes of variable
therefore f ∈ C 1 (0, ∞); in addition, the function x −→ xf (x) = f (x)−g(x) ∈ S 0 , which implies that f ∈ D(B) and also that (Bf )(x) = xf (x) = f (x) − g(x) = (F f)(x), so that we have proved F ⊂ B, analogously we can proof that −F ⊂ B.
Inversely, let f ∈ D(B) and now define g := Bf . For all t, x ≥ 0 we have
Therefore, we conclude that f ∈ D(F ) and F f = g = Bf , hence the inclusion B ⊂ F has been proved. In the same way, we can see that B ⊂ −F and as a result B = F .
The previous theorem we will test the following result. We can see that A generates an analytic C 0 -semigroup [7] of bounded operators {V 2 (t)} t≥0 with angle δ = Thus, the theorem has been proved.
Proof. Using the above theorem we have that (B + ζ, D(B)) generates the
As seen in the above theorems, the operator (5) generates a C 0 -semigroup of the operators {V (t)} t≥0 that is the solution of (1) and therefore the Cauchy problem (6) in the absence of arbitrage.
